Assuming the idea of retardation as an underlying axiom, we investigate how Jefimenko's and Maxwell's equations can be inferred. In the inference, we begin with the retarded versions of Coulomb's and Biot-Savart's field expression as an incomplete, starting ansatz. By calculating and comparing their divergences, curls, and time derivatives, we improve the ansatz. Thus improved ansatz is further improved through the same procedure and the final ansatz fields are identified with Jefimenko's fields. Our inference of Maxwell's equations is in much the same spirit as the derivation of static differential equations (divergences and curls) from the Coulomb's and BiotSavart's fields known experimentally without knowing their governing laws of the divergence and curl equations.
I. INTRODUCTION
There have been incessant interests in the derivation of Maxwell's equations in the literature.
1- 13 The special theory of relativity, by providing the transformation properties of the electromagnetic field vectors, permits the derivation of Maxwell's equations from the field equations satisfied by a static electric field. Recent works by Davis 12 and Heras 13 provided especially nice treatments. Davis developed a generalized Helmholtz theorem for an arbitrary localized time-varying vector function and showed that the mathematical relations commonly referred to as Maxwell's equations can be derived from that theorem. Heras formulated an existence theorem that states that, given localized scalar and vector timedependent sources satisfying the continuity equation, there exist two retarded fields that satisfy a set of four field equations. These two formalisms are complementary.
Though Maxwell himself succeeded in establishing the system of Maxwell's equations, he
did not obtain the electric and magnetic fields in terms of the sources in general motion.
Jefimenko's equations, 14, 15 which are expressions for the electric and magnetic fields produced by time-dependent charge and current densities, have received much attention only recently [16] [17] [18] [19] [20] and some books [21] [22] [23] contain a section on Jefimenko's equations in their recent editions.
The goal of this paper is to infer Jefimenko's and Maxwell's equations at the same time by adopting an appealing idea of retardation, which dictates the true nature of the generation and propagation of the fields, as a basic axiom. The essential idea is to build up the time-dependent fields by starting from Coulomb's and Biot-Savart's fields, and systematically improving them. Our inference of Jefimenko's equations, we believe, can be more accessible for the students of an intermediate electromagnetism course than derivations of those equations given in the literature.
The organization of the paper is as follows: In Sec. II, we review briefly the continuity equations for sources with retarded time argument and summarize static fields and their differential equations. The starting ansatz with retarded integrals for dynamic fields is introduced Sec. III. The detailed process of improving previously taken ansatz is described in Sec. IV, and the identifications of Jefimenko's and Maxwell's equations are made in Sec. V.
The last section is devoted to the conclusion. In the Appendix, we list some formulas of vector analysis, especially, involving retarded source density functions.
II. CHARGE CONSERVATION AT A RETARDED TIME
The notions of charge density ρ and current density J arise from one reality, i.e., the very existence of electrically charged particles in motion:
The conservation of charge is expressed locally by the equation of continuity at time t ′ ,
whose time derivative yields another continuity equation
The del operation (∇ ′ ) in Eqs. (2) and (3) pertains to the first argument (spatial argument r ′ ), not to the second argument (time argument t ′ ) of the operands J and ∂J/∂t ′ . We note that Eqs. (2) and (3) are satisfied at any time t ′ . Thus, at a (field) retarded time τ at a space point r ′ defined relative to (present) time t at space point r by
the above continuity equations should take the following forms
where the dot over ρ(r ′ , τ ) and J(r ′ , τ ) denotes derivative with respect to the second argu-
in the definition of τ is a constant independent of the time t. This remarkable point will be exploited later frequently. Because of the bizarre dependence of J(r ′ , τ ) andJ(r ′ , τ ) on r ′ , it follows that
by virtue of Eqs. (5a) and (5b).
In passing, the notion of time-varying density fields given by Eqs. (1a) and (1b) enables us to avoid a (particle) retarded time τ i endowed to each dynamic particle at the position
As a matter of fact, due to this explicit and implicit dependence of τ i on t, the expressions of 
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In what follows, we will consider a system of charges in otherwise empty space; the discussion omits consideration of matter in bulk. In statics (ρ = 0 andJ = 0), it is well known that the Coulomb's electrostatic field produced by its source ρ,
and the Biot-Savart's magnetostatic field produced by its source J,
satisfy
In Eqs. (8) and (9), the integration region V ⋆ is all space (i.e., the entire universe). The electric and magnetic fields given by Eqs. (8) and (9) (8) and (9)].
We may regard, on the other hand, the fields of Eqs. (8) and (9) as the solutions to the the governing laws.
In transition to the realm of dynamical fields, authors of conventional textbooks usually introduce, in historical sequence, the empirical law of Faraday induction first and then the theoretically deduced law of Maxwell induction. In the next section, we will attempt to modify directly the field expressions themselves with the idea of retardation as a guiding principle, and then the governing laws, if any.
III. A STARTING ANSATZ SET WITH RETARDED FIELDS
Instantaneous action-at-a-distance extensions of Eqs. (8) and (9), i.e., fields E 0 (r, t) and B 0 (r, t) obtained simply by replacing the argument r ′ of ρ and J in the integrands of Eqs. (8) and (9) with (r ′ , t) do not satisfy the continuity equation, differently from the static fields of Eqs. (8) and (9). We will not try other types of instantaneous action-at-a-distance extensions any more.
Let us apply this time the idea of retardation to the fields of Eqs. (8) and (9) by replacing the argument r ′ of source functions with (r ′ , t) to get the following starting ansatz set:
To check whether these fields respect the law of charge conservation, we first single out ρ and J by taking divergence and curl on Eqs. (11a) and (11b), respectively. From the expression for the divergence of E 1 ,
and Eqs. (A.3) and (A.6), we obtain the charge density
We note that time derivative of this charge density, in general, does not vanish for timevarying sources, i.e.,ρ (r, t) = 0 .
In a similar manner, from the curl of B 1 ,
and Eqs. (A.3), (A.8), (A.12), and (A.15), we obtain
where on the right-hand side a vanishing surface integral over the surface S ⋆ surrounding
has been omitted.
Because the divergence of J of Eq. (16) 
IV. IMPROVEMENT OF THE STARTING ANSATZ
The origin of the dilemma arisen in the last paragraph of Sec. III lies in that the right hand side of Eq. (13) becomes ρ(r, t), which is identical to the left-hand side of the equation.
Therefore, in order to get out of the dilemma, we should attempt to modify the starting ansatz electric field, first, by adding E 2 (r, t) such that
which absorbs the last term on the right-hand side of Eq. (13) and allows an additional term Γ(r, t). Then Eq. (13) becomes
Reminding two formulas in vector analysis, Eqs. (A.2) and (A.18), one can find
to solve Eq. (18) . By virtue of Eq. (A.7), one can also find Γ to be fixed as
which can be expressed, by virtue of Eqs. (6a) and (6b), as
and, further by virtue of an identity ∇ ′ (1/|r − r ′ |) = −∇(1/|r − r ′ |) and Eq. (A.9) in reverse order, as
where we have omitted a vanishing surface term
Eqs. (18) and (23) give the divergence of modified electric field E 1 + E 2 :
Since we are dealing with dynamic fields, it is useful to take the time derivative, in addition to curl and divergence, of the dynamic fields. In these calculations, in order to relate, if possible, the electric field to the magnetic field, we will express the results in 
becomes
On the right-hand side of Eq. (27), we have omitted a vanishing surface term
Beginning with a correction term E 2 , we have ended up with Eq. (29), which is a natural modification of Eq. (16). It can be readily shown that thus modified equations for ρ and J [Eqs. (25) and (29)] do not violate the charge conservation law.
Next, let us calculate other type of spatial variation (i.e., the curl) of the modified field ), we see that the expression for curl of
results in
The results up to now for the divergence, curl, and time derivative of E 1 + E 2 are summarized, respectively, in Eqs. (25), (31), and (29).
V. IDENTIFICATION OF JEFIMENKO'S AND MAXWELL'S EQUATIONS
Guided by Eqs. (25) and (29), we define E 3 and B 2 as follows
Then, Eqs. (25) and (29) can be expressed in much neater forms:
To obtain an equation for the curl of the newly defined quantity E 1 + E 2 + E 3 , it should suffice to calculate ∇ × E 3 because we already got Eq. (31) in hand. Also, the calculation of the divergence of the newly defined quantity B 1 + B 2 will be carried out in due course.
By virtue of Eqs. (A.1) and (A.11), the curl of E 3 ,
which enables us to write Eq. (31) as
By virtue of Eqs. (A.4), (A.5), (A.10), and (A.11), the divergence of
becomes Of course, the inference of Maxwell's equations themselves here is more complicated than the remedy by Maxwell himself of the pathology of charge non-conserving source equations.
Nonetheless, the inferring process here has its own merit. It enables us to get Jefimenko's equations with ease comparatively. Indeed, to obtain solutions to Maxwell's coupled equations except in the simplest situations is a very complicated task. For sources in arbitrary motion, the derivation of Jefimenko's equations is known to be quite complicated; the knowledge of the generalized Helmholtz theorem (or the wave field theorem called by Jefimenko himself) or the Green function technique is prerequisite. The inferring process here, however, does not require either knowledge. In this respect, it is hoped that our inference will provide a useful tool in exposing advanced students as well as intermediate-level students to the Jefimenko's equations at early stage in the electricity and magnetism course.
Appendix: Useful formulas
We list some vector-analysis formulas (i) not involving retarded fields 
